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hSOVREDPLOCT�RSDPCHEOLYCTO�VDCCTO�UHFGOcDCHNORQHc�cDSDQEOSHREHQ�dSFEOKFP�QSFPOCFRCTc�RFReVFP�dSH�SDKLHNCTc�eRLF<

PHIc�dSFPOVOCHI�HRdTEDCHZ���RdTEDCHI�dSFNCFRECTc�H�PIKQFedSeMHc�cDSDQEOSHREHQ�UTLH�dSFPOVOCT�P�CFSGDLYCTc�eRLFPHIc

�CD�PFKVecO�dSH�QFGCDECFZ�EOGdOSDEeSO��H�P�eRLFPHIc^�dSHULHiOCCTc�Q�PCeESOCCOZ�RSOVO�FSMDCHKGD��P�JHKSDREPFSO�dSH����j0��

kTLH�FUCDSeiOCT�REDEHREHNORQH�KCDNHGTO�SDKLHNHI�edSeMFMF�MHREOSOKHRD�H�GFVeLI�lCMD^�REDCVDSECF�HKGOSIOGFMF�P�eNDREQO

LHCOZCFZ�VOJFSGD[HH^�dSH�HRdTEDCHIc�P�SDKCTc�eRLFPHIc��bOKeLYEDET�HRdTEDCHZ�VFQDKTPDmE�COFUcFVHGFREY�dSFPOVOCHI�HK<

GOSOCHI�GOcDCHNORQHc�cDSDQEOSHREHQ�P�eRLFPHIc^�ULHKQHc�Q� ���Q�Q^�dF�dSOVLFiOCCFZ�GOEFVHQO�
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g�cFVO�RFKVDCHI�dSFEOKFP�QSFPOCFRCTc�RFReVFP�H�FdSOVO<
LOCHI�Hc�dDSDGOESFP�PDiCTGH�nEDdDGH�IPLImERI�GFVOLHSF<
PDCHO�H�dSFPOVOCHO�EOcCHNORQHc�HRdTEDCHZ��hSH�nEFG�HRcFV<
CTO� VDCCTO� F� RPFZREPDc� RDGFMF� GDEOSHDLD^� EDQHc� QDQ� dSF<
VFLYCDI�H�dFdOSONCDI�dSFNCFREY^�dFLeNDmE�HK�GOcDCHNORQHc
HRdTEDCHZ��g�SDGQDc�VDCCTc�HRdTEDCHZ^�SOMLDGOCEHSeOGTc
o�p^�GFiOE�CO�eNHETPDEYRI�SIV�PDiCTc�dDSDGOESFP^�PLHImqHc
CD�HRRLOVeOGTO� cDSDQEOSHREHQH^� EDQHc�QDQ� EOGdOSDEeSD�NO<
LFPONORQFMF�EOLD�H�CDLHNHO�iHVQFZ�RSOVT^�EDQ�QDQ�P�CDREFI<
qHZ�GFGOCE�FCH�dSFPFVIERI�P�CFSGDLYCTc�eRLFPHIc�o�p��DQ<
iO� CO� SOMLDGOCEHSFPDC� dFSIVFQ� HKGOSOCHI� PIKQFedSeMHc
RPFZREP�dSFEOKFP�VLI�Hc�GDQRHGDLYCFMF�RFFEPOEREPHI�EQDCH
RFReVFP�

�ORGFESI�CD�EF�NEF�P�REDEYIc�o�p<o�p�UTLF�dSOVLFiOCF�dSF<
PFVHEY�HRdTEDCHI�P�iHVQFREH�HLH�R�HRdFLYKFPDCHOG�PLDiCTc
FUSDK[FP� o=p^� D�dSFPFVHEY�HRdTEDCHI�dSH�EOGdOSDEeSO���� j�
UTLF�dSOVLFiOCF�P� REDEYIc� o�p^� o;p^� KDPHRHGFREY�SOKeLYEDEFP
FE�EOGdOSDEeST�H�iHVQFREH�UTLD�FEGONOCD�EFLYQF�P�HRRLOVF<
PDCHH�o�p��g�VDCCFG�HRRLOVFPDCHH�UTLF�eREDCFPLOCF^�NEF�dSH
HKGOSOCHH�GOcDCHNORQHc� RPFZREP�P�iHVQFREH�dSH���� j��VDC<
CTO�RPFZREPD�UTLH�RcFiH�RF�RPFZREPDGH�DSEOSHZ�

g�RPIKH�R�FEReEREPHOG�FUFRCFPDCHI�COFUcFVHGTc�eRLFPHZ
dSFPOVOCHI�GOcDCHNORQHc�HRdTEDCHZ^�D�EDQiO�P�RPIKH�R�ReqO<
REPemqHGH�SDKLHNHIGH�P�GOEFVHQDc�dSFPOVOCHI�HRdTEDCHZ�P

VDCCFZ�REDEYO�UTLD�dSOVLFiOCD�GOEFVHQD�HRdTEDCHZ�H�FdSO<
VOLOCF�PLHICHO�eRLFPHZ^�ULHKQHc�Q����Q�Q^�CD�EDQHO�cDSDQEOSH<
REHQH�dSFEOKFP�QSFPOCFRCTc�RFReVFP^�QDQ�GFVeLY�lCMD�H�ed<
SeMHZ�MHREOSOKHR�
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�RdTEDCHI�dSFPFVHLHRY�CD�FUSDK[Dc�P�JFSGO�VPeREFSFC<
CHc�LFdDEFQ^� PTSeULOCCTc�HK�hrf�dSFEOKFP�dSH�dFGFqH
RdO[HDLYCFMF�sEDGdD��FLqHCD�FdSOVOLILDRY�GOcDCHNORQHG
EFLqHCFGOSFG�R�HCRESeGOCEDLYCFZ�dFMSOsCFREYm��^�;�GQG�
tUSDK[T^�HKMFEFPLOCCTO�HK�FVCFMF�dSFEOKD^�HKGOSILHRY�MSed<
dFZ^�H�SOKeLYEDE�eRSOVCILRI�

hFLeNOCCTO�FUSDK[T�KDQSOdLILHRY�P� KDiHGDc� R� DUSDKHP<
CTG�dFQSTEHOG�HRdTEDEOLYCFZ�GDsHCT�\8u1A@9u���B;]�P
RPFUFVCFG�RFREFICHH��hSH�HRdTEDCHH�P�eRLFPHIc^�dSHULHiOC<
CTc�Q����Q�Q^�FUSDK[T�dFMSeiDLHRY�P�EOSGFREDEHNORQem�QDGO<
Se�\��.,� ������<����8"��+."]^�KDdFLCOCCem�JHKHFLFMHNORQHG
SDREPFSFG�W��^�v<CTG�HKFEFCHNORQHG�SDREPFSFG�u�0 �W�EOG<
dOSDEeSFZ�����w����j0�H�PTVOSiHPDLHRY�P�RSOVO�P�EONOCHO
�;�GHC�VF�CDNDLD�dSFPOVOCHI�HRdTEDCHI�o��p�

�RdTEDCHO�dSFPFVHLH�RF� RQFSFREYm����GG7GHC�R�dSOVPD<
SHEOLYCTG�CDEIiOCHOG�VF��^������hSH�HRdTEDCHH�CD�FVCFFR<
CFO�SDREIiOCHO�HRdFLYKFPDLRI�VDENHQ� R�VHDdDKFCFG�HKGOSO<
CHZ�;�Q��w��^�;�v��g�RLeNDO�HRdTEDCHZ�CD�MHREOSOKHR�HRdFLY<
KFPDLRI�VDENHQ�R�VHDdDKFCFG������w��^�;�v���HMCDL�R�VDENHQD
KDdHRTPDLRI�R�NDREFEFZ����x[�
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�RdTEDCHO�CD�FVCFFRCFO�SDREIiOCHO�UTLF�dSFPOVOCF�CD
�B�FUSDK[Dc�EFCQFREOCCTc�dSFEOKFP��EFLqHCFZ�GOCOO�����GQG�
H� �B� FUSDK[Dc� EFLREFREOCCTc� dSFEOKFP� �EFLqHCFZ� UFLOO
����GQG�^�SDKVOLOCCTc�CD���SDPCTO�MSeddT�VLI�HRdTEDCHZ�dSH
���j��CD�PFKVecO�H����j��P�QDGOSO��g�HRdTEDCHH�CD�MHREOSOKHR
UTLF� HRdFLYKFPDCF� �B� FUSDK[FP� EFCQFREOCCTc� dSFEOKFP� H
�B�FUSDK[FP�EFLREFREOCCTc�dSFEOKFP^�SDKVOLOCCTc�CD���SDPCTO
MSeddT�VLI�HRdTEDCHZ�dSH����j��CD�PFKVecO�H����j��P�QDGOSO�
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g�ht�-�A4���dSFPFVHLRI�SDRNOE�KDPHRHGFREH�CDdSIiO<
CHI�P�dSFEOKO�FE� OMF�FECFRHEOLYCFMF�eVLHCOCHI��hF�MSDJHQe
\CDdSIiOCHO<VOJFSGD[HI]�FdSOVOLILH�FECFRHEOLYCFO�eVLHCO<
CHO�H�GFVeLY�lCMD�dSH�JHKHFLFMHNORQFG�H� cHSeSMHNORQFG
eSFPCIc�CDdSIiOCHI��rHKHFLFMHNORQHZ�eSFPOCY�RFFEPOEREPF<
PDL�CFSGDLYCFGe�VDPLOCHm�P�RFReVO�W��_��QhD^�cHSeSMHNORQHZ
eSFPOCY�RFFEPOEREPFPDL�CDdSIiOCHm^�PFKCHQDmqOGe�P�RFReVO
dSH�PCeESHRFReVHREFZ�cHSeSMHH^� W� �_��QhD��g�cFVO�VDCCFMF
nEDdD�FUSDUFEQH�SOKeLYEDEFP�SDRRGDESHPDLRI�eNDREFQ�dFLeNOC<
CFMF�MSDJHQD�VF����hD^�NEF�KDPOVFGF�dSOPTsDOE�POScCHZ�dSO<
VOL�dSFNCFREH�RLFOP�QSFPOCFRCTc�RFReVFP�o��p�

hSH�HRRLOVFPDCHH�KFCT�LHCOZCTc�VOJFSGD[HZ�SDRRGDESH<
PDLRI�MSDJHQ�\CDdSIiOCHO<VOJFSGD[HI]�VF�GFGOCED�SDKSTPD
FUSDK[D���DNDLF�eNDREQD�LHCOZCFZ�VOJFSGD[HH�RFFEPOEREPF<
PDLF�CDdSIiOCHIG^�KCDNHEOLYCF�dSOPTsDmqHG�JHKHFLFMHNOR<
QHZ�H�cHSeSMHNORQHZ�eSFPCH� �UFLOO�;��hD���
ddSFQRHGD[HI
KFCT�LHCOZCFZ�VOJFSGD[HH�FUSDK[FP�dSIGFZ�dSFPFVHLDRY�P
ht�-�A4����hSHGOS�DddSFQRHGD[HH�dSOVREDPLOC�dSIGFZ�CD
B&<��h�

g�SOKeLYEDEO�UTLH�FdSOVOLOCT�FECFRHEOLYCFO�eVLHCOCHO
dSH�JHKHFLFMHNORQFG�H�cHSeSMHNORQFG�eSFPCIc�CDdSIiOCHI^
GFVeLH�lCMD�dSH�JHKHFLFMHNORQFG�H�cHSeSMHNORQFG�eSFPCIc
CDdSIiOCHI�H�VLI�eNDREQD�LHCOZCFZ�VOJFSGD[HH��hSH�REDEHR<
EHNORQFZ�FUSDUFEQO�SOKeLYEDEFP�dSFPFVHLDRY�dSFPOSQD�SDR<
dSOVOLOCHI�POLHNHC�dDSDGOESFP�QDiVFZ�MSeddT�CD�CFSGDLY<
CFREY�dF�QSHEOSHm�yDdHSF<zHLQD� �α�{��^�;���hFRLO� nEFMF�Q
MSeddDG^�SDKLHNDmqHGRI�dF�FVCFGe�dDSDGOESe^�UTLD�dSHGO<
COCD�REDEHREHNORQDI�dSFPOSQD�CD�dSHCDVLOiCFREY�SDKLHNCTG
SDRdSOVOLOCHIG�dF�GOEFVe�VHRdOSRHFCCFMF�DCDLHKD��α�{��^�;��
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hSH�CFSGDLYCFG�JeCQ[HFCHSFPDCHH�dSFEOKD�QSFPOCFRCF<
MF�RFReVD�P�COG�PFKCHQDmE�CDdSIiOCHI�KCDNHEOLYCF�CHiO�dSO<
VOLD�edSeMFREH��DQHG�FUSDKFG^�FRCFPCFZ�cDSDQEOSHREHQFZ^
FdSOVOLImqOZ�PIKQFedSeMHO�RPFZREPD�dSFEOKD^�IPLIOERI�edSe<
MHZ�MHREOSOKHR^�QFEFSTZ�FdSOVOLILRI�dF�JFSGeLO����^�MVO�i�W
nCOSMHI�edSeMFZ�VOJFSGD[HH|�∆i�W�dLFqDVY�dOELH�MHREOSOKH<
RDX
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U
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�LI�dSOVFEPSDqOCHI�dOSOcFVD�P�KFCe�dLDREHNORQFZ�VOJFS<
GD[HH�COFUcFVHGF�dSFPOVOCHO�HRdTEDCHI�VF�dFSFMD�LHCOZCFZ
VOJFSGD[HH���LI�FdSOVOLOCHI�COFUcFVHGFMF�dFSFMD�UTL�dSF<
POVOC�SDRNOE�GDQRHGDLYCFZ�FROPFZ�VOJFSGD[HH^�PFKCHQDmqOZ
P�dSFEOKO�P�SOKeLYEDEO�VDPLOCHI�QSFPH�o��p�

bDRNOET�CDdSIiOCHI�H�dOSOGOqOCHI�PTdFLCILHRY�GOEFVFG
dFRLOVFPDEOLYCFMF�dSHULHiOCHI�dSH�LHCOZCF�CDSDREDmqOG
PCOsCOG�H�PCeESOCCOG�VDPLOCHH� R�sDMFG^�FdSOVOLOCCTG�dF
JFSGeLDG� ������D�QDiVFG�sDMO�CDdSIiOCHO�H�dOSOGOqOCHO
PTNHRLILHRY�HRcFVI�HK�CDSeiCFMF�PC�H�PCeESOCCOMF�PP�VDPLO<
CHZ�dF�JFSGeLDG����<���^�MVO� ��{������|� j�{��^��|���W�QFLHNOREPF
sDMFP|�PC}2�>�{�;�GG�SE�� RE�� W� PCeESHUSmsCFO�VDPLOCHO� �CD<
SeiCFO��o��p|�PP}2�>�{����7����GG�SE��RE��W�GDQRHGDLYCFO�DSEO<
SHDLYCFO�VDPLOCHO��PCeESOCCOO��o�_p|�∆PP^�∆PC�W�sDM�dSHSDqO<
CHI�PCeESOCCOMF�H�CDSeiCFMF�VDPLOCHZ|�∆σ�k�	j^�∆σ�k�	j�W�dSHSD<
qOCHI� SDVHDLYCFMF� H� EDCMOC[HDLYCFMF� CDdSIiOCHZ|� ∆σ�	j� W
dSHSDqOCHO�CDdSIiOCHI�P�dSFEOKO|�σ�	j�W�CDdSIiOCHO�P�dSFEOKO|
�C}�^��P}��W�CDSeiCTZ�H�PCeESOCCHZ�SDVHeRT�dSFEOKD|���	j�W�SDVH<
eR�dSFEOKD|�∆��	j�W�dSHSDqOCHO�SDVHDLYCFMF�dOSOGOqOCHI�dSF<
EOKD|�4�	j�W�GFVeLY�lCMD�dSFEOKD|�~�W�QFnJJH[HOCE�heDRRFCD�
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, 1, , ;i j i j i j−σ = σ + ∆σ � �B�
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.t i j r i j
i j i j
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u r
E E

 ∆σ ∆σ
∆ = ⋅ − µ   

� ���

�D�QDiVFG�sDMO�CFPTZ�SDVHeR�SDRRNHETPDLRI�dF�JFSGe<
LDG��=�^����X

_ __ 1 ;i iir r u+ = + ∆
� �� � �=�

_ __ 1 .i iir r u+ = + ∆
� �� � ���
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�FVeLY�lCMD�SDRRNHETPDLRI�deEOG�FdSOVOLOCHI�QFnJJH<
[HOCED�CDQLFCD�LHCOZCFZ�DddSFQRHGD[HH�MSDJHQD�\CDdSIiO<
CHO<VOJFSGD[HI]�P�FQSORECFREIc�EFNQH�σ�	j� �B&<��l^�FQSeiCFR<
EH����DdSIiOCHI�H�VOJFSGD[HH^�PFKCHQDmqHO�dSH�CDSDREDCHH
VDPLOCHI�VF�����H�����GG�SE��RE�^�dFQDKDCT�CD�B&<��l�QPDVSDEFG
H�ESOeMFLYCHQFG�RFFEPOEREPOCCF�

bOKeLYEDET�SDRNOED�dFQDKDLH^�NEF�dSH�GDQRHGDLYCFG�JH<
KHFLFMHNORQFG�VDPLOCHH�����GG�SE�� RE�� VOJFSGD[HI�FUSDK[D
CDcFVHERI�CD�eSFPCO��;^=�v��DQHG�FUSDKFG^�dSFPOVOCHO�HR<
dTEDCHI�VF�nEFMF�eSFPCI�RFcSDCIOE�dSFEOK�P�KFCO�edSeMHc�VO<
JFSGD[HZ�

g�cFVO�HRdTEDCHI�dSFPFVHLHRY����[HQLFP�SDREIiOCHI�VF
�;�v�VOJFSGD[HH|�EHdHNCTZ�MSDJHQ�MHREOSOKHRD�dSOVREDPLOC
CD�B&<��m�
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g�cFVO�FUSDUFEQH�dFLeNOCCTc�VDCCTc�UTLH�FdSOVOLOCT
UHFGOcDCHNORQHO�RPFZREPD�dSFEOKFP�H�KCDNOCHI�GFVeLI�lCMD�
bOKeLYEDET�dSHPOVOCT�P�K$_-��h�
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g�SOKeLYEDEO�dSFPOVOCHI�REDEHREHNORQFMF�DCDLHKD�FdSOVO<
LOCF^�NEF�SDKLHNHI�P�cDSDQEOSHREHQDc^� PTKPDCCTc�PLHICHOG
PCOsCOZ�RSOVT^�dSH�JHKHFLFMHNORQFG�H�cHSeSMHNORQFG�eSFP<
CIc�CDdSIiOCHZ�IPLImERI�REDEHREHNORQH�COKCDNHGTGH^�D�P�KFCO
LHCOZCTc�VOJFSGD[HZ�W�REDEHREHNORQH�KCDNHGTGH�
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�CDNOCHI�edSeMFMF�MHREOSOKHRD�UTLH�SDKVOLOCT�CD�MSeddT
dF�EHde�RFReVD^�eRLFPHIG�H�CFGOSe�[HQLD�

�ORFFEPOEREPHO�SDRdSOVOLOCHI�KCDNOCHZ�GOcDCHNORQHc�cD<
SDQEOSHREHQ�PCeESH�QDiVFZ�MSeddT�CFSGDLYCFGe�SDRdSOVOLO<
CHm�dFVEPOSiVOCF�dF�QSHEOSHm�yDdHSF<zHLQD� �α� {� �^�;��
xSeddT^�SDKLHNDmqHORI�EFLYQF�dF�eRLFPHIG�dSFPOVOCHI�HR<
dTEDCHI^� RSDPCHPDLHRY�dFdDSCF� RFMLDRCF�QSHEOSHm��DCCD<
zHECH���EDEHREHNORQH�KCDNHGDI�SDKCH[D�UTLD�PTIPLOCD�GOi<
Ve�QDiVFZ�MSeddFZ�KCDNOCHZ�edSeMFMF�MHREOSOKHRD�P�QDiVFG
EHdO�dSFEOKFP�P�QDiVFG�[HQLO��α�{��^�;��

�CDNOCHI�edSeMFMF�MHREOSOKHRD�EFCQFREOCCTc�H�EFLREFREOC<
CTc�dSFEOKFP�P�SDKLHNCTc�eRLFPHIc�dSH�HRdTEDCHH�VF��;�v
VOJFSGD[HH�dSOVREDPLOCT�CD�B&<��n�
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g�cFVO�SDUFE�UTLH�dSFPOVOCT�HRdTEDCHI�dF�FdSOVOLOCHm
KDPHRHGFREH�UHFGOcDCHNORQHc�cDSDQEOSHREHQ�dSFEOKFP�QSFPOCFR<
CTc�RFReVFP�FE�EOGdOSDEeSCFMF�SOiHGD�H�CDLHNHI�iHVQFZ�RSO<
VT^�NEF�UFLOO�dFLCF�FESDiDOE�dFPOVOCHO�GDEOSHDLD�P�FSMDCHKGO�

g�CDREFIqOO�PSOGI�P�dDSDGOESDc^�dFLeNDOGTc�P�SOKeLYEDEO
HRdTEDCHZ�dSFEOKFP^�eQDKTPDOERI�OVHCREPOCCTZ�GFVeLY�lCMD^
FdSOVOLIOGTZ� P� FULDREH� LHCOZCTc� VOJFSGD[HZ�� �OdFRSOV<
REPOCCF�P�KFCO�LHCOZCTc�VOJFSGD[HZ��UFLOO�;��hD��UTLD�FE<
GONOCD� REDEHREHNORQH� KCDNHGDI� KDPHRHGFREY�HKGOSIOGTc�PO<
LHNHC� FE� eRLFPHZ� dSFPOVOCHI� HRdTEDCHZ�� hSHNHCFZ� nEFMF
GFiOE�RLeiHEY�HKGOCOCHO�RPFZREP�GDEOSHDLD�dSFEOKD^�EDQ�QDQ
GFVeLY�lCMD�hrf�R�SFREFG�EOGdOSDEeST�eGOCYsDOERI� o;p^
NEF�RPHVOEOLYREPeOE�F� KDPHRHGFREH�eQDKTPDOGTc�cDSDQEOSHR<
EHQ�dSFEOKFP�FE�eRLFPHI�dSFPOVOCHI�HRdTEDCHZ��g�VDCCFG�RLe<
NDO�REDEHREHNORQH�FUFRCFPDCF�dSFPOVOCHO�HRdTEDCHZ�P�JHKHF<
LFMHNORQFG�SDREPFSO�dSH�EOGdOSDEeSO����j��

kTLH�FEGONOCT�REDEHREHNORQH� KCDNHGTO�SDKLHNHI� KCDNO<
CHZ�edSeMFMF�MHREOSOKHRD�P�QDiVFG�[HQLO�HRdTEDCHZ^�NEF�MF<
PFSHE�F� KDPHRHGFREH�dDSDGOESD^�cDSDQEOSHKemqOMF�PIKQFed<
SeMHO�RPFZREPD�dSFEOKFP^�FE�EOGdOSDEeST�

DQHG� FUSDKFG^� GFiCF� RVOLDEY� PTPFV� F� COFUcFVHGFREH
dSFPOVOCHI�UHFGOcDCHNORQHc�HRdTEDCHZ�P� eRLFPHIc^�GDQRH<
GDLYCF�dSHULHiOCCTc�Q�SODLYCTG���LI�nEHc�[OLOZ�PFKGFiCF
HRdFLYKFPDCHO� EOSGFREDEHNORQFZ� QDGOST� \��.,� �� ����<���
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EFZ�RHREOGT��SeUNDETO�RFReVHRETO�dSFEOKT�

�� xt���;�;�<B���DsHCT^�dSHUFST�H�VSeMHO� EOcCHNORQHO
HKVOLHI���RdFLCOCHI�VLI�SDKLHNCTc�QLHGDEHNORQHc�SDZF<
CFP��	DEOMFSHH^�eRLFPHI�nQRdLeDED[HH^�cSDCOCHI�H�ESDCR<
dFSEHSFPDCHI�P�NDREH�PFKVOZREPHI�QLHGDEHNORQHc�JDQEF<
SFP�PCOsCOZ�RSOVT�
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