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VWIXYZAGBXJ�WEG@[CE\A]I^A_IJ�WEC_GXXA�CDCDFGHHC`�HGaGBbC=]CcIaGXbC`�\ABG\ABIaGXbC`�\C@G]I�WECcHC^IECZAHIJ�I�@I=

AcHCXBIbI�XGE@GaHC=XCXd@IXBYe�CX]CfHGHI`M�XWCXCDXBZdgFAJ�WCZYhGHIg�CWGEABIZHCXBI�WEIHJBIJ�EGhGHIJ�ZEAaC\�AHGXBG^I=

C]CcC\=EGAHI\ABC]CcC\�CD�Ie�WEIaIHAe�I�WC^ZC]JgFAJ�CWBI\I^IECZABi�BGaGHIG�WGEICWGEA_ICHHCcC�WGEIC@A�WdBG\�@CHC^C]C=

cIaGXbC`�WEC[I]AbBIbI�ZC^HIbAgFIe�WEG@ZGXBHIbCZ�CX]CfHGHI`M�XHIfAJ�Ie�CDFGG�bC]IaGXBZC�I�BJfGXBi�b]IHIaGXbIe�WECJZ=

]GHI`�

��������

jC^HIbAgFIG�Z�WGEICWGEA_ICHHC\�WGEIC@G� XGE@GaHC=XC=
Xd@IXBYG�CX]CfHGHIJ�JZ]JgBXJ�ZG@dFG`�WEIaIHC`M�WEIZC@J=
FG`�bAb�b�WCBGEG�BEd@CXWCXCDHCXBIM�BAb�I�b�X\GEBG]iHY\�IX=
eC@A\��WC�HGbCBCEY\�@AHHY\M���������k�X]daAGZ��WCX]G�ZYWC]=
HGHIJ�ZHGXGE@GaHYe�eIEdEcIaGXbIe�Z\GhABG]iXBZ� l�m�

n�DC]iHYe�CXBEY\�cHC`HY\�WIG]CHG[EIBC\�BGaGHIG�^ADC=
]GZAHIJ�CX]CfHJGBXJ�ZYEAfGHHY\I�b]IHIaGXbI\I�WECJZ]GHI=
J\I�XIH@EC\A�oH@CcGHHC`�IHBCbXIbA_II�I�oH@CBCbXIbC^AM�XWC=
XCDXBZdgFI\I�EA^ZIBIg�BJfG]CcC� XGWXIXA�I�IH[Gb_ICHHC=
BCbXIaGXbCcC�hCbAM�aBC�CDdX]CZ]IZAGB�WEIaIHY�WECIXeC@JFIe
I^\GHGHI`�XC�XBCECHY�XGE@GaHC=XCXd@IXBC`�XIXBG\Y�l�m�

�Cc]AXHC�@AHHY\�HGbCBCEYe�IXX]G@CZAHI`M�aAXBCBA�EA^ZI=
BIJ�BAbIe�XGE@GaHC=XCXd@IXBYe�CX]CfHGHI`����V�M�bAb�WGEI=
CWGEA_ICHHAJ�IhG\IJ�\ICbAE@A�d�DC]iHYe�DG^�XGE@GaHC=XCXd=
@IXBC`�WABC]CcIIM�XCXBAZ]JGB�\GHGG���k�l�mM�BCc@A�bAbM�Z�XEAZ=
HGHII�X�DC]iHY\I�X��p�M�oBA�_I[EA�ZC^EAXBAGB�CB�<��@C�O��k
�pdEAbCZXbI`�j���I�@E�M� ����M�:&�"?"�5�Q�M� �����q�WCX]GCWGEA=
_ICHHY`�bAE@ICcGHHY`�CBGb�]GcbIe�HAD]g@AGBXJ�d���k�DC]i=
HYe�XBAEhG�<��]GBM�d�O�k�DC]iHYe�X�bC\WGHXIECZAHHC`�I�d��O�k
X�HGbC\WGHXIECZAHHC`�XGE@GaHC`�HG@CXBABCaHCXBig�l�mM�l�m�

��\ABG\ABIaGXbC`�BCabI�^EGHIJM�X]CfHCXBi�Z�EGhGHII�^A=
@Aa�WECcHC^IECZAHIJ�I�EAHHG`� �@CHC^C]CcIaGXbC`��@IAcHCX=
BIbI�CX]CfHGHI`�bAb�HA�[CHG�XdFGXBZdgFG`�WABC]CcII�XGE=

@GaHC=XCXd@IXBC`�XIXBG\YM�BAb�I�DG^�HGG�CWEG@G]JGBXJ�BG\M�aBC
IXWC]i^dG\YG�IH[CE\ABIZHYG�WEI^HAbI�HCXJB�HGWC]HY`�I
EA^HCBIWHY`�eAEAbBGEM� X� HGaGBbC`� XBEdbBdEC`�b]AXXCZM� aBC
BEGDdGB� XWG_IA]iHYe�WC@eC@CZ� b� XIHBG^d� XCCBZGBXBZdgFIe
EGhAgFIe�WEAZI]�l�m=l�m���WG_IA]IXBYM�EADCBAgFIG�Z�CD]AX=
BI�HGaGBbC`�]CcIbI�WEIHJBIJ�EGhGHI`M�dBZGEf@AgBM�aBC�]CcI=
aGXbIG�WCXBECGHIJ�BGCEII�r��sA@G�l�mM�lOmM�l�m�CB]IaAgBXJ�DCcA=
BY\I�ZC^\CfHCXBJ\I�WC�bCHXBEdIECZAHIg�J^YbCZYe�\GeAHI^=
\CZ�[CE\A]iHYe�obZIZA]GHBHYe�WEGCDEA^CZAHI`��tEI�EGhG=
HII� \G@I_IHXbIe� ^A@Aa� X� dXWGeC\� IXWC]i^dGBXJ� DC]ihCG
bC]IaGXBZC�\ABG\ABIaGXbIe�\C@G]G`�@IAcHCXBIbI�CX]CfHGHI`M
C@HAbC�WECD]G\A�DYXBEC`�C_GHbI�WEIaIH�EA^ZIBIJ�@AHHYe
HAEdhGHI`� I� XZCGZEG\GHHAJ� _G]GHAWEAZ]GHHAJ� bCEEGb_IJ
��VM�CXHCZAHHAJ�HA�WCHI\AHII�oBICWABCcGHG^A�WECIXeC@JFIe
XCDYBI`M�CXBAGBXJ�AbBdA]iHC`�
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VXHCZHAJ�I@GJ�WEG@]AcAG\CcC�\GBC@AM�CWIXAHHAJ�WEI�WC=
\CFI�aAXBHC`�\ABG\ABIaGXbC`�\C@G]I�WECcHC^IECZAHIJ�I�@I=
AcHCXBIbI�XGE@GaHC=XCXd@IXBYe�CX]CfHGHI`�HA�CXHCZG�aIX]GH=
HCcC�\C@G]IECZAHIJ�X�WC\CFig�AHA]IBIaGXbCcC�\GBC@A�@IAc=
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HCXBIbIM�Zb]gaAGB�Z�XGDJ�X]G@dgFIG�oBAWY�lOmM�l�m=l��m>
���VWEG@G]GHIG�\HCfGXBZA�V�u�v��M���M�wM���M� ���M���x�WEIaIH

��V�I�\HCfGXBZA� ^Ab]gaGHI`�HGaGBbC=]CcIaGXbCcC� ZYZC@A
W�u�vX�M�X�M�wM�XYM�wM�X
x�WC�HAEdhGHIJ\�CXHCZHYe�WAEA\GBECZ
cC\GCXBA^A�DC]iHCcC�

���ybXWGEBHAJ�C_GHbA�Z]IJHIJ�WEIaIH���V�d�DC]iHYe�CXB=
EY\�cHC`HY\�WIG]CHG[EIBC\�HA�ZYDEAHHYG�IH[CE\ABIZHYG
WEI^HAbI�Z�IHBGEZA]G�^HAaGHI`�CB���@C���I�[CE\IECZAHIG�\AB=
EI_Y�bCo[[I_IGHBCZM�^A@AZAG\Ye�obXWGEBC\�HA�CXHCZG�HGaGB=
bCcC�CBHChGHIJ

( ){ }; , | ; ;i j ij i jM r b a r b A= ∈ � ���

[ ]: 0, 1 ,ija R B× → � ���

c@G���Y�L�XBGWGHi�[dHb_II�WEIHA@]GfHCXBI��bCo[[I_IGHB��HGaGB=
bCcC�CBHChGHIJ��M�bCBCEAJ�CBCDEAfAGB�CD]AXBi�CWEG@G]GHIJ
\ABEI_Y�bCo[[I_IGHBCZ�Z�HA�HGWEGEYZHY`�IHBGEZA]�l�M��m�

���tCXBECGHIG�[dHb_I`�WEIHA@]GfHCXBI�̂ Ab]gaGHI`�HGaGB=
bC=]CcIaGXbCcC�ZYZC@A�I�CWEG@G]GHIG�XBGWGHI�IXBIHHCXBI�^HA=
aGHI`�I^\GHGHI`�CXHCZHYe�WCbA^ABG]G`�cC\GCXBA^A�DC]iHCcC�
j�HAhG\�IXX]G@CZAHII�IXWC]i^CZA]IXi�]GZAJ�I�WEAZAJ�]IHG`=
HYG�z=CDEA^HYG�[dHb_II��.,:	�[��

z=CDEA^HAJ�[dHb_IJ� �]GZAJ�

1, ;

( ; , ) , ;

0, ;

x a

b x
f x a b a x b

b a
b x

↓

≤
 −= < < −

≤

� ���

z=CDEA^HAJ�[dHb_IJ� �WEAZAJ�

0, ;

( ; , ) , ;

1, ,

x a

x a
f x a b a x b

b a
b x

↑

≤
 −= < < −

≤

� �<�

c@G��M�X� L�aIX]CZYG�WAEA\GBEYM�WEIHI\AgFIG�WECI^ZC]iHYG
@G`XBZIBG]iHYG�^HAaGHIJM�dWCEJ@CaGHHYG�CBHChGHIG\���{�X�
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tEC_GXX�ZYJZ]GHIJ�WEIaIHM�WEIZG@hIe�b�b]IHIaGXbI\�I^=
\GHGHIJ\�CXHCZHYe�WAEA\GBECZ�cC\GCXBA^AM�Zb]gaAGB�Z� XGDJ
X]G@dgFIG�oBAWY>

���tCXBECGHIG�\ABEI_�bCo[[I_IGHBCZ�Z����Y�∈ �l�M��m�M�CWEG=
@G]GHHYe�obXWGEBC\�HA�CXHCZG�HGaGBbCcC�CBHChGHIJ����M�I�^A=
b]gaGHI`�HGaGBbC=]CcIaGXbCcC�ZYZC@A�W� �XY� ∈ � l�M� �m�� X�WC\C=
Fig�bC\WC^I_ICHHCcC�WEAZI]A�sA@G����>

11 12 1 1

21 22 2 2

1 2

; .

n

n

m m mn m

a a a b

a a a b
A B

a a a b

   
   
   = =
   
   
   
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����CE\A]I^A_IJ�\ABEI_�Z�I�WM�^Ab]gaAgFAJXJ�Z�WGEGXBA=
HCZbG�XBECb�\ABEI_�CB�XBECbI�X�\IHI\A]iHY\�^HAaGHIG\�bC=
o[[I_IGHBA�XYM� EAXWC]CfGHHC`�ZHI^d�HCE\A]I^CZAHHYe�\AB=
EI_�Z���
�I�W���
>

1

11 12 1

21 22 2
min

1 2
min

; .

m m norm norm norm
n

norm norm norm
n

norm normj

norm norm norm
m m mn

b b
a a a

a a a
B Ab b

a a a
b

−> 
  
  
  = =>   
       
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���ybXWGEBHAJ�C_GHbA�\ABEI_�X�_G]ig�bCEEGb_II�bCo[[I=
_IGHBCZ�HCE\A]I^CZAHHC`�\ABEI_Y�Z���
�CWEG@G]JGBXJ�X�daG=
BC\

0, ;

, ;

1, .

����

����

����

ij j
norm
ij j ij j

ij j

a b

a b a b

a b

 <
= =
 >

� ���

<��tECZGEbA�dX]CZIJ�ZC^\CfHCXBI�EGhGHIJ�^A@AaI�WECcHC=
^IECZAHIJ�I�@IAcHCXBIbI�HA�]CcIaGXbdg�HGWECBIZCEGaIZCXBi
ZYZC@I\Ye�EG^d]iBABCZ� lOmM� l�m��j�bAf@C`�XBECbG�HCE\A]I^C=
ZAHHC`�\ABEI_Y�Z���
� EAXXaIBYZAGBXJ� ^HAaGHIG� XaGBaIbA�"YM
bCBCEY`�IHbEG\GHBIEdGBXJ�WEI�ZYWC]HGHII�dX]CZIJ�XY�≤��Y��
�X]I�^HAaGHIG�XaGBaIbA�"Y�u��M�BC�EGhGHIG�^A@AaI�@IAcHCXBIbI
XBAHCZIBXJ�HGZC^\CfHY\�I�HGCDeC@I\C�WECZGXBI�bCEEGb_Ig
\ABEI_YM�dZG]IaIZAJ�I]I�d\GHihAJ� ^HAaGHIG�bCo[[I_IGHBA
�Y��HA�ZG]IaIHd��M�M�WCbA�HG�Dd@GB�ZYWC]HJBiXJ�dX]CZIG�"Y�≥��Y��

���|CE\IECZAHIG�\ABEI_Y�o]G\GHBCZ���′�
�AaIHAJ�X�HIfHG`�XBECbI�HCE\A]I^CZAHHC`�\ABEI_Y�Z���
M

WECZC@IBXJ�EAXaGB�WC�XBC]D_A\�WEG@WCXY]Cb�HGaGBbC=]CcIaGX=
bCcC�ZYZC@A�X�daGBC\�X]G@dgFIe�WEAZI]>

0, 0, ;

, , ,

0, ;

, 1,

.
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i ij

i j ij j

i ij i

i j ij

i

p a

p z a z

p a p

p z a

p

= =
 = =
′ = =
 = =


� ���

O��|CE\IECZAHIG�ZGbBCEA�ZYeC@HYe�̂ HAaGHI`�V3G7���A�oBC\
oBAWG�A]cCEIB\A�WECcHC^IECZAHIJ�I�@IAcHCXBIbI�WEIHI\AGB=
XJ�EGhGHIG�C�ZC^\CfHC`�WEIaIHG�XGE@GaHC=XCXd@IXBYe�CX]Cf=
HGHI`M� ZY^ZAZhG`�I^\GHGHIJ�Z�EADCBG� XIXBG\�CEcAHI^\A�WC
IXX]G@dG\Y\�IH[CE\ABIZHY\�WEI^HAbA\��EG^d]iBAB�ZYWC]HG=
HIJ�@AHHC`�CWGEA_II�Dd@GB�HAeC@IBiXJ�Z�ZGEeHG`�XBECbG�\AB=
EI_Y���′��

'�#����"��
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ZBC\ABIaGXbI`�\GBC@�@IAcHCXBIbI�HA�CXHCZG�CDEABHYe
HGaGBbIe�\C@G]G`�IXWC]i^CZAH�@]J� @IAcHCXBIbI�HGbCBCEYe
WEIaIH�XGE@GaHC=XCXd@IXBYe�CX]CfHGHI`�d�DC]iHYe�CXBEY\
cHC`HY\�WIG]CHG[EIBC\�Z�WGEICWGEA_ICHHC\�WGEIC@G�
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